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Method for reconstructing the distribution of unknown spatio-temporal loads in
a structure based on viscoelasticity in the Euler-Bernoulli beam coupling

Abstract. In this paper, a novel mathematical model and new approach is proposed for the
inverse source problem of recovering the unknown spatial-temporal load F(x,t) in the
simply supported non-homogeneous Euler-Bernoulli beam governed by the equation p (x)
un + p(x) ur+ (r(x) ux)ex+kiu = F(x,t), (x,t) € (0,£) x (0, T), resting on a viscoelastic foundation,
is studied. It is assumed that the rotation at the left boundary 0(t): = ux(0, t), t €(0, T), and
also the deflection ur (t):=u (x, T), x € (0, {) at the final time T > 0, are given as measured
outputs. The Tikhonov functional J(F) = (1/2)||6 — ux(O,-)lliz(O,T) + (1/2)||lur — u(,
T)||2 (o, 18 introduce to reformulate the inverse problem as a minimization problem for the
Tikhonov functional. An explicit gradient formula for this functional is derived. Based on
this formula a conjugate gradient algorithm is developed for the considered inverse
problem. This algorithm allows to recover the unknown spatial-temporal load with high
accuracy, from noise free as well as from random noisy measured outputs.

Keywords: Euler-Bernoulli beam, inverse coefficient problem, Neumann-to-
Neumann operator, existence of a quasi-solution, Fr’echet gradient.

Introduction
In real life, the interaction of beams with the soil beneath them changes their
behavior. It indicates that the contact has a significant impact on how the beams behave.
Therefore, for better structure design, a model of the soil-foundation—-structure interaction
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system that is reasonably realistic is required. One popular soil ideal ization model is the
“linear elastic vertical springs” model, defined as the Winkler foundation and formulated
in 1867 by Winkler [1]. The stiffness of the vertical spring is the single parameter in the
Winkler model that describes the soil’s char acteristics. Despite being the most basic type of
elastic foundation, the model is utilized to simulate soil behavior in the majority of real-
world applications.

uw(0,t) =0 % % F u(f,t) =0

—1(0)ux (0,£) = 0 viscoelastic foundation (e (6,t) =0

Figure 1 - Simply supported Euler-Bernoulli beam
subjected to interface forces with measured boundary slopes

In this paper, we study the inverse problem of determining the unknown
spatial-temporal load F(x, t) in

palx)ug + p(x)us + (r(2)ter) or + kwu = F(z,t), (x,t) € Qr,

w(z,0) =0, u(z,0) =0, xe€(0,), (1)
w(0,1) = uy(0,8) =0, u(l, 1) = uz(£,8) =0,t € (0,7).

from the following boundary and final time measured outputs

0(t) :== u,(0,t), t €[0,7],
ur(x) :=u(x,T), t € (0,0), ()

respectively.
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Here, r(x) = E(x)I(x) > 0 is the variable flexural rigidity and pa(x) = p(x)A(x),
while E(x) >0, I(x) > 0, p(x) and A(x) are the elasticity modulus, the moment of inertia,
the mass density and the cross-sectional area, respectively. Further, u(x) > 0 is the
damping coefficient, kL > 0 is the stiffness of Winkler foundation. Qr = {(x, t) € R?: 0
<x<{ 0<t<T}, and the final time T > 0 is finite and may be small enough. The
geometry of the inverse problem (1)-(2) is given in Fig. 1.

The study of the dynamic response of beams on viscoelastic foundations
subjected to moving loads has been of great significance in engineering. Ghadiri et
al. [1] studied analytical solution for the steady-state response of an Euler-Bernoulli
nanobeam subjected to moving concentrated load and resting on a viscoelastic
foundation. For an infinite beam on an elastic foundation, Zheng et. al [4] gave a
general solution of a dynamical problem. The effect of the foundation stiffness,
traveling speed and length of the beam on the dynamic magnification factor have
been studied by Thambiratnam and Zhuge [5] by using the finite element method.
Zheng et. al [6] carried out a dynamic analysis for coupled vehicle-bridge vibration
system on nonlinear foundation using the Galerkin truncation method.

The importance of the proposed model governed by (1)-(2) is that, it is a
generalization of existing mathematical models in the sense that, the Euler-Bernoulli
equation (1) includes all the main physical coefficients. Moreover, the load F(x, t) to
be determined depends on both the spatial and time variables.In all of the above-
mentioned studies, special cases of the load distribution been discussed. Therefore,
the algorithm proposed in this study is valid for all of these special cases.

Here, we use the approach introduced in [3] and developed in [?]. We derive
an explicit gradient formula for the Fr'echet derivative of both components Ji(F) and
J2(F) of the Tikhonov functional | (F) := J1(F) + J2(F) defined as

J(F)=1/2 | © — ux(0, -; F)IL2(0,T) +1/2 | ¥ = u(-, T; F) ll :? w0, (3)

where u(x, t; F) is the solution of the direct problem (1) corresponding to a
given F € F from the set of admissible loads F € L? (Qr). This important tool is then
employed in solving of concrete inverse problems.
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Materials and methods
We assume that the inputs in (1) satisty the following basic conditions:

{ pasript, € L>(0,0), ky, >0, F € L*(), (4)

0<po<pal@) <pr, 0<ry<r(z) <ry, 0< po < plx) <, € (0,0).

We define the set of admissible spatial-temporal loads F = {F € L2 (Q)) : |Fll 1? @ < Cr
}, CF > 0. Introduce the input-output operators associated with the inverse problem
(1)-(2) as follows:

(PF)(t) :=us(0,t; F), t € [0,T], )
(VF)(z) :=u(x, T:F), z € (0,0), FeF.

In view of these operators, the inverse problem (1)-(2) can be reformulated as the
following system of linear operator equations:

(®F)(t) =06(t), t € [0, T, (6)

(UF)(x) :==ur(x), x € (0,f), F eF.

However, due to measurement errors in the outputs 0(t) and ur (x) exact equality in
(6) can not be satisfied. Hence we needs to introduce the Tikhonov functional (3) and
reformulate the inverse coefficient problem (1)-(2) as the minimization problem

J(F) = inf J(F) 0

Lemma 1 Assume that the inputs in (1) satisfy the basic conditions (4). Then the Tikhonov
functional is Lipschitz continuous, that is

T (F1) = T(F2)| < Lgl|Fy = Follr2aqp), F1 2 € F, (8)

where
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L, =V3IC, [\/3_6(71(7F + ||9||L2[r,__n} VT Cy [ﬁcch + ||@-_fT||L2m__f)} ©

is the Lipschitz constant, while

cf = BXP(T/!JO) -1, (”5 = Po BXP(Tfﬂn)/?’n (10)

and p0, r0 > 0 are the constants introduced in (4).

Proof. We use estimates

Wzl 22 o1 120,00 < C1 |F|l t2ar),
l2exx]l L20,1; L200,0) < C2 || F| 2cat),

for the weak solution u € L? (0, T; V2 (0, £)), of the initial boundary value problem (1),
where V2 (0, {)) :=={v € H? (0, {): v (0) =v ({) =0}, derived in [2] to evaluate the outputs
ux (0, t) and u (x, T). Here C1, C2 > 0 are the constants introduced in (10). In view of
the inequalities

[ (0, )“LZ o01) = 3 [|zs |72 (0,T:L2(0,£))
||“('s T)“Lzm 6 = <T HHCUCUHL"’((]TL"’((] )
these estimates yield:

||U-a:(U, ')”LQ((],T) < \/ﬁCIHFHLQ(Qr):

(11)
lu(-, T) || z200.0p < VT Co||F | 12(000)-

On the other hand, using Corollary 10.1.6 in [3], we can prove that
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T (F1) = T (F2)|

1
<3 I®F | 2201y + @ F2llz20.2) + 2010l 20)] [9FL — @Bl 20y (12)
1
+§ [H‘IlleLQ({],T) + H‘PFQ”LZ({]__T) + 2""(1.7*"[‘2([]‘3)] ”\I’Fl — \PFQHLQ(O__T% |

for all F1, F2 € F. By the above definitions of the input-output operators we have:

|PFL — DFy|| 20,1y = [|6u2(0, ) || L2(0,1),
|WF — WE|[ 2200, = [[6ul-, T)| 22(0,0)

where 6u (x, t) is the solution of problem (1) with the input 6F (x, t) = Fi(x, t) —
F> (x, t). Then estimates (11) for this solution are

|64 (0, )| 207y < V3L CL||0F || 12(0r)-
6u(-, T)||L2(0.0) < VT Cs

5FHL2(9T)'

Using estimates (11) and (13) in (12), and taking into account that [|F|l 12 <
Cr for all F € _# we deduce that

T (F1) — T ()]
< V3L, [@C&CF + ||9|L2(0.T)] |6 F'[| 2(0.1) (13)

+VT C VT CoCr + luzllizon | 16F iz

This implies the desired result (8) with the Lipschitz constant defined in (9).

Theorem 1 Assume that conditions of Lemma 1 hold. Then the minimization problem (8)
has a solution in the set of admissible loads #'c L2 (€)).
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Proof. Evidently, the set of admissible loads _#"is a nonempty closed convex set in
L2(Q)). Then, by Theorem 10.1.11, the Lipschitz continuity of the Tikhonov functional
implies existence of a solution of the minimization problem (8).

Theorem 2 implies that there exists at least one quasi-solution of the inverse problem

(1)-(2).
Denote by 6] (F): = J (F + OF) — J (F), F, F + 0F € ‘F the increment of the Tikhonov

functional. Then
0T (F) =0T, (F) + 6 Ja(F)
T £
/ [uz(0,8; F) — 0(t)] duy (0, )dt + % / (Ju,(0,1))* dt (14)
0 0

/{; [u(z, T; g) — ur(x)] ou(z, T)dx + %/ﬂ (6u(z,T)) dz.

Multiply now both sides of equation (1) for 6u (x, t) by arbitrary function w €
L2 (0, T; V? (0, {)), integrate over (0, T) and apply the integration by parts formula
multiple times. Then we obtain following integral identity:

/0 /o [pa(@)wy — p(z)we + (7(2)Wea) e + krw] Su drdt

—|—/ [(r(2)durs), w — 7(2)OUpr Wy + 7(X) U W — du (r(x)wm)m]iig dt
0
(15)

‘
-|-/ [pa(2)duw — pa(@)duw, + p(z)duw], -, da
0

T
= / / OF (z,t)w dzdt.
o Jo

First, we require that the arbitrary function w (x, t) is the solution of the
following backward problem with the Neumann input ux (0, t; F) — 0 (t):
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([ pa(z)gu — /1-( )t + (r(%) bz )y, + krd =0, (z,1) € Qr,
¢(x,T) =0, ¢i(x, T) =0, z € (0,7),

¢(0,1) =0, —7(0)0.2(0,t) = u,(0,t; F) — 0(¢),

O(0,t) = ¢u((,t) = 0, t € [0, 7.

Then we obtain from the integral identity (15) the following input-output
relationship:

(16)

\

/ s (0,4 F) — (1) u(0.1) dt = / } / 'SP (2. )6z, 1) dudt.

(17)

Next we require that the arbitrary function w(x, t) is the solution of the
backward problem with the final time input — [u (x, T; F) — ut (x)] / pa(x):

y

pa(T)y — p(x), + (I‘(:r)?,-‘.-‘l.,.,,.)__. + kpp =0, (z,t) € Qr,

¢ W(x,T) =0, Y(z,T) by [u —up(z)], z € (0,£),  (18)

L ¢(0,1) = ¢,.(0,1) = @(¢, f.) — om(f-. t)=0,tel0,7T].

Then the integral identity (15) implies the following input-output relationship:
¢ T oyt
f [u(z, T) — ur(x)] du(z,T) dx = f / OF (z,t)(x,t) dedt.  (19)
0 0o Jo

Theorem 2 Assume that in addition to the basic conditions (4), the inputs in
(1) and also the measured output O (t) satisfy the following regularity conditions:

re H*(0,0), F, € L*(Qr), 0 € H'(0,7). (20)

Then the Tikhonov functional is Fr'echet differentiable. Furthermore, for its Fr'echet gradient the
following formula holds:
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VI(F)(x,t) = ¢(x,t) + U(x,t), (x,t) € Qp, F € F, (21)

where @(x, t) and Y(x, t) are the weak solutions of the adjoint problems (16) and (18),
respectively.
Proof. Evidently, the set of admissible loads F is a nonempty closed convex set in
L*(Q)). Then, by Theorem 10.1.11, the Lipschitz continuity of the Tikhonov functional
implies existence of a solution of the minimization problem (8).

This implies the desired result (8) with the Lipschitz constant defined in (9).

Discussion

The vibrations and stability of uniform beams resting on continuous
twoparameter elastic foundation were studied. The equation of motion for
Timoshenko and Bernoulli- Euler beam was derived. The relationships between the
parameters describing vibration, the compressive force and the foundation
parameters were investigated. The methodology of mathematical modelling
developed for the simply supported non-homogeneous Euler-Bernoulli beam on a
Winkler foundation allows us to identify the relationship between the load and the
material characteristics. The individual effect of foundation stiffness parameters,
transverse shear deformation and rotatory inertia on eigenvalues of the beam can be
examined by performing a parametric study.

Conclusion
In this study, we propose a new model of a source identification problem for
a supported Euler-Bernoulli beam on a viscoelastic foundation, based on boundary
and final time measurements. Based on analysis of the input-output operators, we
derive a gradient formula for recovering the unknown spatial-temporal load
distribution. Numerical experiments performed for real data problems show high
accuracy of the proposed algorithm. According to presented results.
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Aaempap XacaHOB
Koxxaeau yrnusepcumemi, Koxaeau, Typxus

Diiaep-bepHyaan apkaabIk My@TacblHAa TYTKBIP cepHiMAiaikKe HeTi3geareH
KYpbLABIMAArbl OeArici3 KeHiCTiKTiK-yaKbITTBIK JKYKTeMeAepAiH TapaayblH
KayiTa Kypy a4ici

Angatna. bya sxywmsicta p(x) us + u(x)ur + (r(x) ux)xx + kiu = F(x,t), (x,t) € (0,£) x (0, T),
TeHJeyiMeH OacKapblaaThIH >Kall FaHa KOAJAUTBHIH OipTekTi emec Ditaep-bepnyaan
IIOFBIPbIHAA OeArici3 KeHICTIKTiK-yaKBITTBHIK >KyKTeMeHi F(x,t) KaAIlbIHa KeATipyAiH Kepi
KO31 MaceaeciHe )kaHa MaTeMaTUKaAbIK MOAeAb KoHe >KaHa Tocia ycbiHblaraH. t) € (0, £) x(0,
T), TYTKBIp ceprimMai ipretacka tipeares, sepTreaeai. Coa xak mexapaaars 0 (t): = ux(0, t),
t € (0, T), aitHaay, conpimeH Katap ur (t):=u(x, T), x € (0, {) conrsl yakpirta T > 0 aybITKYybl
©/IIIeHeTiH IIBIFBICTap peTiHAe OepiareH Jen OoakaHadbl. THXOHOB (PYHKLIMOHAAABIK,
J(F):=(1/2)]|6 — ux(O,-)lliz(O’T) + (1/2)||ur — u("T)”iZ(o,z) TuxxoHOB PYHKUVACH YIIiH
MMHUMM3anusaay eceOi peTiHAe Kepi ecelTi KailTa TY>KbIpbIMJAay YIIiH eHrisiareH. bya
QyHKIMA VIIH ailKbIH TIpaaueHT ¢Qopmyaacel aabiHFaH. Ocbl opmyaa HerisiHAe
KapacThIpblAaThIH Kepi ecell YIIIiH KOHBIOTaTTBHIK I'padMeHT aATOpUTMi >KacaaraH. bya
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aATOPUTM OeArici3 KeHiCTIKTiK-yaKBITTBHIK XYKTeMeHi IIyChI3, COHAAl-aK Ke3AelCOK IIyAbl
©/IIIeHIeH IIBIFBICTapAaH XKOFaphl 49AA1KIIeH KaAIlblHa KeATipyre MyMKiHAiK Oepeai.

Tyiiin ce3aep: Ditaep-bepuyaan morsiprl, kepi KosdPuiment ecedi, Herimannan
Heiimanra onepatopsl, KBasuIleliMHiH Oap 6004aysl, Ppeltte rpagyieHTi.

Aaemapap XacaHos
Yrusepcumem Kodxaaru, Kodxasru, Typuus

MeToa peKOHCTPYKIIMM paciipejeaeHNs Her3BeCTHDIX
IPOCTPaHCTBEeHHO-BPEeMeHHBIX HaIPy30K B KOHCTPYKIIV Ha OCHOBe
BA3KOYIIPYTOCTH B 0aA09YHOM CBsI3M Diiaepa-bepuyaan

AnHOoTamms. B saHHON paboTe m3ydaeTcs HOBasi MaTeMaTyndeckasl MOJAeAb U HOBBIN
II04X0A K 3ajade PeKOHCTPYKIIUM HEU3BECTHOM ITPOCTPAaHCTBEHHO-BPEMEHHON Harpy3Ku
F(x,t) or oOpaTHOrO MCTOYHMKA Ha IIPOCTO OIEPTOM HEOJHOPOJHOM IIyuke Diiaepa-
Bepnyaan, nogunsstiomemMcs ypaBHeHUIO p(x)us + u(x)ur + (r(x)ux)x+ keu = F(x,t), (x,t) € (0,£)
x (0, T), onmparomeMcst Ha BI3KOyIIpyroe ocHoBaHIe. Bpamenne 0(t): = ux(0, t), t €(0, T), a
Take oTkaoHeHUe ur (t): = u(x, T), x € (0, {) B mocaeagnnit MoMeHT BpemeHn T > 0 npu
CINTAIOTCSI M3MepsieMbIMM  BbIxodamu. @yrknmonaa Tuxonosa J(F) = (1/2)]| 60 —
ux(O,-)Hiz(O,T) + (1/2)||Jur — u(, T)||iz(0’l) BBOAUTCSL AAs IepeOpMyANPOBKU OOpaTHOI
3adaun Kak 3adauyt MyuHuMusanuy GyHkuny TuknmxoHosa. Aas 9Toi QyHKINY IToAydeHa
sBHas (¢opmyaa rpaaueHTta. Ha ocHose ®TOit (QOpPMyAbl IIOCTPOEH aATOPUTM
COIIPSIKEHHOIO TpajUieHTa AAsd paccMaTpuBaeMoll OoOpaTHOM 3adaul. DTOT aATOPUTM
II03BOASIeT BOCCTAHOBUTH HEM3BECTHYIO IIPOCTPaHCTBEHHO-BPEMEHHYIO HarpysKy M3
BBICOKOTOYHBIX MI3MEPEHHBIX BLIXOA0B Oe3 IIIyMa, a TakK’Ke CO CAy4dallHBIM LIIYMOM.
KaroueBnie caoBa: paccaoenme Diiaepa-bepnyaau, oOparnas ko»dpduimeHTHas
3agaua, oneparop Herimana-Heiimana, cymnjectsoBanne KBasupenieHns, rpaauent @perre.
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